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ABSTRACT: The main purpose of this paper is to introduce a new subclass of close-to-convex functions in the open unit
disc U, denoted by #™™(4,B} with respect to symmetric and conjugate points by applying a g-analogue of the
familiar Borel distribution (BD), which is a subclass of all functionsthat are analytic, univalent and normalized by
the conditions F£ {0} = 0 and f (0} = 1. We find estimates |a:| ,|as| , [ a4/ and [ a:/ for Taylor-Maclaurin
coefficients of the functions in the subclass introduced, and a brief discussion is also given to the pertinent
relationship between these classes and the famous Fekete- Szegd theorem for lay — uazl and la.ay — aZl. Also, we
deduce various corollaries and consequences of the main results when g — 17. We find the sufficient condition for a function
fiz) tobeinthe class kX" (4,8 jand k"9 4.5).
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1. INTRODUCTION
Let <4 be the class of functions f which are analytic, univalent and normalized with f(0) = 0 and fl{:ﬂ} = 1, the function f

is given by
flz) =z + Z a;z/, z€El,

J=2 (1.1)
where

I:={zeC: |z| < 1},
is the unit disc. Also, the function g £ =4 is given by

glz) =z+ Z b;zl, zell.

I=2 (1.2)
Therefore, the functions f{z) and g{z) have a convolution (or Hadamard product), which is given by
fl@)xglz) =(f+glz) =z + Z a;b;zl,z €1l
j=z (1.3)

Consider f1 to be the family of functions wi{z) which are analytic in 1 and defined as follows
N={weA:w(0) = 0and lw(z)| < 1,z € I}. (1.4)

Assume that f(:z}lg{:z} £ A, we say that f is subordinate to g (written f{z) < g{(z)) if there exists a Schwarz function
w(z], analytic such that

f(z) = g(w(z)) (z € W).

In particular, if the function g{:z} is univalent in 1I, then the subordinate is equivalent to (see [2, 13])
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f(0) = g(0) and f(U) < g(W). (1.5)
Definition 1. [10] For A and E are arbitrarily fixed numbers and that (—1 = B < A = 1]}, denote the family by P[4, F]

containing functions of the form

Piz)=1+ Zp}-zj.
J=1

is analytic in 1] and then

P{.}{l+ﬂz 1P{.}_1+Aw{ﬁz}
e B Y T Ty Bwl

(1.6)

Sz e

(1.7)
holds.
In the year 1973, Janowski [10] introduced the following subclass of starlike functions:

. L ) :_,FI':::I 14+Ac=
S*(A,B):= {f. f € Aand =y < },

for(—l= B < A=1;z€l
On the other hand, in 1959, Sakaguchi [19] introduced the class of starlike functions with respect to symmetric points as follows:
Sii= [f : f € Aand ‘}l(ﬁ—m) >0z € H].
f(z) = f(=2)

Goel and Mehrok [8] introduced the subclass S%( 4, B Jof class 5% as follows:

22f (2) 1+ Az]
flz)- f(-z2) 1+ Bz
for(-l= B < A= 1;z¢€l
El-Ashwah and Thomas [4] introduced the class of starlike functions with respect to conjugate points as follows:

Zf (2)

@+ f@

S:(AB):

{f: f € Aand

5ti= {f:feaﬁlmld‘ﬂ( ) ::‘G;ZEH}.
Many authors introduced the analogue definitions by extension as
follows (see [3]):

S8l feaag L@ LAz el
cAB)=)f: [ EAmd s < T LS U

Since 5; {4, B) is the subclass of starlike functions with respect to conjugate points. More results can be found in [21, 22, 23]

on starlike functions with respect to symmetric and conjugate points. In 1952, Kaplan [12] introduced the class of close-to-
convex functions as follows

K= {f: f € Aand R (sz.{:Z})} 0; z lf}.
g(z)

Let x_{A, B) be the class of close-to-convex functions with respect to symmetric point (see [11])

2 144z
glz)-g(-z) 148z
where glz) =z + Z_T:: b}-z}' € S:(A,B). (1.9)

K(45) = [f: fEA and (-12B<Astze u)}

(1.8)

Let i, [.4, B] be the class of close-to-convex functions with respect to conjugate point (see [27]) when & = 0

2f(2)  1+4z
—

(z)+g(z) 1+8:

x,(4,B) = {f: f e Adand i(-1=B<d=s1z EH)},
g

(1.10)
where glz)=z+ E;a:: b_;,-z-" £ S5:AB). (1.11)
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Huo Tang and Guan-Tie Deng [27] introduced new subclasses of close-to-convex and quasiconvex functions with respect to
symmetric and conjugate points. Such probability distributions as the Logarithmic, the Binomial, the Poisson, the Pascal, and
other distributions have recently alleared in different context in the Geometric Function Theory of Complex Analysis mainly from
a theoretical viewpoint (see [1, 5, 15, 17]). Recently, Wanas and Khuttar [28] have presented the Borel distribution (BD) whose
probability mass function is given as follow

‘oT ) Pl gmpPT
Prob {X — P} = %

Recall that if a discrete random variable x takes on the values 1, 2, 3, ... with the following probabilities, it is said to have a Borel

(p =1,23..)

distribution:
e 27e 72 9p2e
o2t o3 (1.12)

respectively, where T is the parameter involved.

Wanas and Khuttar [28] also introduced the following series I.,H::T; z} whose coefficients are probabilities of the Borel
distribution (BD):

- i Jj=2 —tlj—-1)
uwr, z)=z +Z Lat {Jl}l l}:‘? =1,

=2

=z + pr}- (r)z7 (0 <7 = 1),
=z

where, for convenience,
(oyoe LU = DP2 e
T )= .
Y G — 1)1

We now recall the following linear operator @{T ; z) for functions f: ¢4 — <A (see [6, 14, 25]):as follows:
Q(r; 2)f(z) = wlz; z2)+ fl2)
[r (j—1)}-2eTH-1)

(-1

=z +E;-";: a;zl (0 < 7 = 1).

(1.13)
We now recall several concepts and notations of the classical g-calculus, which is primarily inspired by the work of Srivastava

[24], who employed a variety of operators of g-calculus and fractional g-calculus. First, the g-Pochhammer symbol (T ; q]r is

defined, for7,q € Candn € My:= N U {0}, by

1 (n=0)
(r; q), =

(1-7)1-1q)..(1-7¢"Y) (neN)
(1.14)
and

@ @, =] [a-ra) (lal < 1.
=0

According to the g-gamma function I, (z) defined by (see [7])

. . @i @ .
r@=0-¢'7 —/——— (g1< 1,z€0),
(l'-?' H ':?j:cu
it is easily seen from (1.14) that
. (1 —gq)" T (r+ n)
@;, = =
r,(t)

(n € Ny)
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The § —gamma function Fq {(z) is known to satisfy the following recurrence relation:

where [T]q denotes the basic (or -) number defined as follows:

l _ T
9 TED
l—gqg
[l ={ =
1+ Zq" (n € M)
i=1 (1.15)Using the definition (1.15), the g-factorial [?1]q lis given by
(n =10

], l_[m (n € N)

For T £ [, we shall also make use of the following notation for the basic (or g-) Pochhammer symbol defined above in (1.14):
), = {l (n = 0)
DTl - - - e

and, for convenience, we write

1 (n =0)
[f],, =40 9, _ - - _
q —{:l o 1_[[1'+_} l]q (n € N).

(1.16)
in terms of the g-numbers [T]q defined by (1.15). Clearly, from the definition (1.16), it is easy to see for the familiar

Pocchammer symbol (T } that
(9" @
lim {[T] }= lim{ n}—{ T),
g=1m L Tem) am ({1 —q)
and, for the classical (Euler’s) gamma function I'{z), we have
lim {T_ (z)} = T(z).
g—+1 4
For 0 < g =< 1 and the function @{T; z)f{z) given by (1.13), when we apply the g-derivative operator D, defined by (see
[9] and [18])

B f(z) — f(qz) 0<q<D)
D,(F@):={ 1-4q
f (2 (g—=17),
we get
D, DFD): = Q{_r;z}f{;} — Q(z:2)f(g2)
(1-q)z

N UARY) n
:1+Z e %@ 0<r=LzEl),
where the function filz) is given by (1.2).

Definition 2. [26] For @ == —1 and 0 < g < 1, the linear operator Qf"? for functions f: <A — oA is defined as follows:
QFF(2) # W g4 (2) = 2D QT DF(2)) (z € W),

where the function J"'-'"M_H is given by
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Sl + 1]
—— Z (z € U).
j-uy T EE

A simple computation shows that

U1 G - DY e
- ﬂ.

["'-’T + 1].”—1(}_ ljl !

Noan(@i=z +

j=2

0297(2) = 7 +

i=z

oo

=Z+Zgi a;z (0<t<lia>-10<g<1z€l)

[1,![£G = DY 2e~GD
&, = - .
: [@ + 1] gi—1 U-1)! (1.18)
We also note that

[2] " I
[.:.-+1]:,1anCI % T L +1l,q

(1.19)

5, =

From the equation (1.17), we can easily verify that each of the following relations holds true for all f € A :

[a + 1],0%£(2) = [a] Q7 f(2) + ¢°2D, (Q**f(2) ),z € U

and

o . -2 _—1(j-1)
) A

Rif(2) = lim {07°f(2)} =z + ey J

=z+ Z ;27 (z € 1),
=z

where

_ ils—yy %Y
0, = T (1.20)

Definition 3. A function f € e is said to be in the class & o (A, B) if and only if

2z(0%f(2) ) 1+ Az
=
0%g(z) — 0¥7g(—z) 1+ Bz

(1.21)
(-1=B<A=L0<t=s1a>-1;,0<gqg < 1)

Upon letting g — 17 intheclass & o (4, B), we have

lim {x :"r’q (4, B]} = G%* (AJ B),
a—+1 =

where

22(R%f(2)) L4
Rig(z) —Rig(-z) 1+8Bz

G¥"(AB) ={f:f€ A and

(1.22)
for(~-l=B<A=10<71<1a>-1)

Definition 4. A function f € A is said to be in the class & - (4, B) if and only if
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2z(0%1f(2)) 1+ 4z
L | =
0g(:)+ 0*g(z) | 1+Bz

(1.23)
(-l=sB<AdsLO0<tsLae>-50<gc< lj'Ifwe letg — 1~ intheclass}cf’r’q{:ﬂJB],wehave

111}1_ k™A B)} = gg*-' (4,B),
g—

where

2z(R*flz I 1+ 4z
G*(A,B) =4{f:f€ A and (®1 ))_ <
; Rigle) +Rig(E) 1+Bz

(1.24)
for(-l=B<A=10<71=1a>-1)

2. SOME PRELIMINARY LEMMAS
The following lemmas will be needed to prove our results.
Lemma 1. (see [8], Lemma 2) If P{z] is given by

P(z) =1+ pyz + poz® + pyz® +--- € P[4,B],

hen

lp|=4-B (neN-1=B<A4=1)

(2.1)

For the coefficient inequalities of the clasees M (e, 4, B) and M (e, 4, B} is given by (see [20])

Lemma 2. ([20], Theorem 3.1) Let g{z) = z + Er‘;: b}-zj € M, (e, A,B). Thenforn = 1,0 = &« = 1

n—1
(4—B)
b | < || A—B+12)),
b2 n!2"(1 + (2n — 1)a)l ! ( 1)
_Il:

and

1
A—FB
=" n!2"(1 + 2na) 1 ! '
_II:

Lemma 3. ([20], Theorem 3.2) Let g{z) = z + Er‘;: b}-zj E M_(a,A4,B).Thenforn = 1,0 = & = 1

2n—2

(4—B)
b, | = A—EB+j),
b2l = G+ (2n o 1]::]1__1[ (4=B+))
_.l:
and
) 2n—1
byrs] < a5 (A-B+))
T (2n)1(1 + 2na) | ! ' 7
-||=

Note: Using the techniques used by A.T. Oladipo [16], we prove the next result below.

3. MAIN RESULT
In this section we give the coefficient inequalities for classes # :’r’q (A,B)and x :’r’q (4,B).

Theorem 1. Let f(z) € x . 7(A B).Then, foralln = 1,
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o] < (A- B}J
21 =28,
|a,3| - (A-B)(2+ 53]1
318,
o BB+, =B
) 418, (3.1)
and
la| = (A—B)[4(2+ 63(A—B))+ 6:(A— B+2)]
> 406,
Proof. Since g{z) € 5:(4, B), then we have from Lemma 2 whena = 0
A—-F A-EB
|b,| = ——, byl = ——
2 2 (3.2)
Ibél < 'ZA—B}'Z:—EH}J Ibel < -:A—B}-i:—3+:}

Since f(z) € x . 7(A, B), it follows from (1.21) by using Equation (1.6)

o

(ZZ[Qf’qﬂﬁz}) )= (0%9g(z) - 0*1g(-2))| 1+ Z Pz
i=1
(0<rt=La>-1;0<g<1). (3.3)
It follows that
1t zagﬂng + 363&333 + ‘1‘64ﬂ434+ 565(1525+ wt 2?163,!!13”22” t (271 t l)ag”+1ﬂjn+122”+1+
= (2 Oy’ +dgher® tot By by 2 b2 (L py2 42"
ot +pzt ),
Equating the coefficients of like powers of =, we have
28,0, =p,.
63(3a; —b;) = P.
4840, = d3b3p, +p,,
ll3‘5 [:SQ’E - bE) = SEbEPE + p_;:- (34)
By applying (3.2) and followed by Lemma 1, we get (3.1) from (3.4). This completes the proof.
Letting ¢ — 17in Theorem 1, we obtain the following corollary.
Corollary 1. Let f{z) € GZT(A, B). Then, foralln = 1,
(A—F
lagl < 2252
B 2110,
(A-B)(2+0;)
|ﬂ3| = '
310,
(4- B)[3(2+0,(4 - B))]
|a'.’,| 5 4| n ¥
"R (3.5)
and
la| (A—B)[4(2+ 0. (A — B)) + 0O (A-B+ 2]
dc | = :
i 400,
where ﬂj-'ﬂ’{j = 2,3,4,5) are given by (1.20).
Theorem 2. Let f(z) € k. ? (A, B). Then, for all
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_(4-8)(8,+1)

|ﬂg| = -
24,
(A-B)[2+26,(4-B) +36,(4-B+1)]
lag] = 0, J
o {:(A—B)[6+SSE(A—B)+363(A—B)(A—B+l)+64(A—B+l)(A—B+2)]
v 43, ‘
n=1,
and (3.6)

4-3
o s(y—ﬂ)[zmwgu- B)+120,(4- B)(A- B4 1) +48,(4-B)A-B+ 1)(d-B+2)
14

+0,(A-B+1)(A-B42)(4-B+3)]
Proof. Since g{z) € §:(A, B), then we have from Lemma 3 when & = ()
(A—B)A—-EB+1)

2
_A-BI@A-B+1DA-B+2)]

¥

b, =(A-B), bl =

|b,|

¥

6
(A—BI(A—-B+1)(A—-B+2)(A—B+3)]
b = .
24 (3.7)
Since f(z) € k. "7 (A, B), it follows from (1.23) by using Equation (1.6)
(22’(93"?{12})'] =(09g(2) + 0™ g(@)| 1+ Z p 7
i=1

D<r=La>-10<qg<1).
(3.8)
It follows that

1+28,0,7 430,057 +40,0,2° +50.0,7 + 4 Iy 0, 77+ (04 10 0 7
= (24 0,by2 +8,bg2° + 8,0,2° + 6bc2” + o + 8y by 27 40,4 by 7
.[l+;uiz+;uzzr2 +p323+pézé+---).
Equating the coefficients of like powers of =, we have
8,(2a, — by) = Py
83(3a; — by) = 8,b,p, +p,
84(4ay — b,) = 83b3p, +8,5,p, + 1y,
85(5ag — bg) = 8,byp, + 83bgp, + 8,b,p, + Ps(3.9)

By applying (3.7) and followed by Lemma 1, we get (3.6) from (3.9). This completes the proof.

Letting § — 17in Theorem 2, we obtain the following corollary.

Corollary 2. Let f{z) € GZT(A, B). Then, foralln = 1,

IJMRA, Volume 07 Issue 02 February 2024 www.ijmra.in Page 460


http://www.ijmra.in/

Coefficient Estimate for a Subclass of Close-to-Convex Functions with Respect To Symmetric and Conjugate Points
Connected With the Q-Borel Distribution

. (4-B)(0,+1)

lo| <
20,

(- B)[2+20,(4- B)+ 0,(4-B +1]

|ﬂg| s - )
30,

(4= B)[5+60,(4- B) +30,(4-B)(A-B+1)+0,(4- B+ ){4-B+2]
o] < - : and
- o,

(4-8) o .
ol <04 204 B)4 0494~ 1)+ 04~ Bla-+ -+

0,

+Q5{:A—B+l)(:A—B+2){:A—B+3)]. (3.10)
where ﬂj-'ﬂ’{j = 2,3,4,5) are given by (1.20). Our next result is to briefly look at the connection of our classes to the classical

Fekete-Szego Theorem.

Theorem 3. Let f(z) € k. (A4, B). Then,
(A — B)[463 + 28,65 — 3ud;(4A — B)]

nopl
128,85

la; — pa] <

and
o [983(8,(A— B) +2) —46,6,(2+6,)]
|ﬂzﬂé_ﬂ§|5{3—ﬁ)_[ Lol )2 284( 3)

2 o2o
1445,4856,

Proof. Also, the proof could be obtained from Theorem 1.

Letting ¢ — 17in Theorem 3, we get the next corollary.
Corollary 3. Let f{z) € G&T(A, B). Then,

la; — pas| = (4 — B)[403 + 20,07 — 3u0;(4 — B)]
AR 120,02

¥

(3.13)
and

-
'

. L (902(0.(4-B)+2) - 40,0,(2+ 0
|ﬂﬂﬂL_ﬂ§|£{_A_B)_ 3[ = ) ) Ch é( 3)
= 1440,020,

(3.14)
Theorem 4. Let f(z) £ K:’r’q (A, B). Then, forp = 0,

a3
la; — paz| =
(4—B)[463[2+285(A—B)+353(4—B+1)]—6ud3(4—B) (57 +1)7]

oo r

2440307

(3.15)
and

. (A-B _ o
la,a, — 03] < —{303(8, + 1)[6+60,(A - B) + 30,(A- B)A-B + 1) +

= 144,836, - -

§,(A-B+1)(A-B+2)] - 48,6,[2+26,(A-B) +36,(4-B + 1)]*}.

(3.16)

Proof. Also, the proof could be obtained from Theorem 2.

Lettingg — 1 7 in Theorem 4, we get the next corollary.
Corollary 4. Let f(z) EGZT(A, E). Then,
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(A=B)[403[2+ 20, (A- B) +30,(A- B+ 1)] - 6uldy (A= B)(0, +1)°]

I, — af < r ;
oy~ e 240,02
(3.17)
and
. (A-BF | o
la,a, - 2| = — {3030, + 1)[6 +60,(A—B) +30,(A-B)A-B+1) +
= 148,638, : :

0,(A-B+1)(4-B+2)] - 40,0,[2 + 20,(A- B) +30,(4- B + ]2}
(3.18)
In the finally result is on sufficient condition for a function f(z) to bein k2™ (4, B).

Theorem 5. Let the function f{ z) defined by (1.1) and let

z 5{I(2ia; - (1= (=1))b;)| - |(1 - (~1¥)Ab; - 2jBa; |} = 2(4 - B)
J=z

(3.19)

holds, then f(z) belong to k" (4, B).

Proof. Assume that the inequality (1.21) holds. Then we get for = £ 1.
i) i)

Z Zjﬁj-ajzj-Z (1-¢-1 )iz Z 1- (j—ly')Abfaj.zi—Z JjBa 62|+ (4 -B)2

J=L = j=k =l

@ i

Z (3~ (1- (1)) o2 = Z ((1- 07 - 8 2| + ia- e
j=2 =l
<

Z B2~ (1- 0o Z j ‘([1 - (-1} )b, - EjBajJ‘aJ +2(4- B, (0<r <),
=l j=2

Now, letting " = 1, therefore, we obtain
il

X!

it

(20— (1= (=17 )b;)| - (1 - (-1 )db, - 2jBa;|} < 2(4 - B).
Therefore, it follows that

| 2:(0%7(2) - (%9(2) - 9% 9(~2)

—|<1lz€ell
|A (0*4g(2) — 9*g(-2)) - B [22(;:?# (@) )
(3.20)
ager I_ R ¥ N
()l = EZ[QF. 1) (.Q" L z_}} _|<1,ze0L
Assuming A[Qf*""g(lz] - QTQQ{._E)) -B (EZ[Qf’qf{.z)) )
(3.21)

Then w{0) = 0,w(z) is analyticin |z| < 1and |w(z)| < 1. Therefore, f(z) € x. " (4, B).
Theorem 6. Let the function f{z) defined by (1.1) and let
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Y

i=2

holds, th

(ja; — b;)| — |Ab; — Ba, 1} = (A—B)
(3.22)
en f(z) belong to k2™ (4, B).

Proof. Assume that the inequality (1.23) holds. Then we get for =z £ 1[.

o el om oo
Z jé‘jasz—Z b8,7| = Z Ab 87 - 2 jBa,6.7| +|(A - B)z|
j=2 j=2 =2 =

oo om

(ja;— b;)8,2| = | ) (Ab;—jBa;)8,2|+|(A - Bl
i=2 j=2
=

oo oo
Z 8;|(ja; = b;)|r = Z 6;|(Ab; = jBa;) [ + (A= B)r, (0 <r < 1),
i= j=2
Now, letting + = 1, therefore, we obtain
oo
Z 5{I(ja; — b,)| — |4b; — jBa; 1} = (A — B).
j=2
Therefore, it follows that

| 22(0%f(2)) - (29(2) + 0*7g D)

|A (0¥g(2) + 0*9g(®)) — B (zz[Qf*f*ﬂiz})')

<1,z 1

(3.23)
Assuming
| e ) - (00 + 05750)
wiz)| = <1,zell
O @ e e@) 5 (22(0577)) )| !
(3.24)
Then w{0) = 0,w(z) is analyticin |z| < 1 and |w(z)| < 1. Therefore, f(z) € x> " (4, B).
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